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Abstract. The Keldysh nonequilibrium Green’s function method is utilized to study
theoretically the spin polarized transport through a graphene spin valve irradiated by
a monochromatic laser field. It is found that the bias dependence of the differential
conductance exhibits two peaks corresponding to the resonant tunneling through the
photon-assisted subbands. A zero value plateau in the differential conductance appears
symmetrically on the zero bias due to the dynamical gap opened by the radiation
field, and its width can be tuned by changing the radiation intensity and frequency,
which leads to the shift of the resonant peaks in the differential conductance as well.
We demonstrate that the shift of the resonant peaks in the differential conductance
with the radiation intensity exhibits different features from that with the radiation
frequency. We also show numerically the dependencies of the radiation and spin valve
effects on the parameters of the external fields and those of the electrodes. We find that
the combined effects of the radiation field, the graphene, and the spin valve properties
bring about a plateau in the tunnel magnetoresistance, and the width of this plateau
can be changed by scanning the radiation field strength and/or the frequency.
PACS numbers: 85.75.-d, 81.05.Uw, 75.47.-m
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1. Introduction
Electromagnetic radiation was demonstrated to be a powerful tool for the exploration
and modification of materials properties. For example, in conventional semiconducting
nanostructures a variety of applications have been established such as the various
forms of photo electronic devices (e.g., the radiation-controlled field-effect transistors,
photodiodes, and the light-emitting diodes [1, 2, 3, 4, 5]). On the other hand, graphene
with its many unusual physical properties (to mention but a few, the half integer
quantum Hall effect [6], the Klein tunneling [7] and the conductance properties [8])
offers a new platform to explore radiation effects. The influence of electromagnetic fields
on graphene has been recently a subject of intense research. Particularly interesting
examples are the linear response to and the frequency dependence of the conductivity
[9, 10, 11], the photon-assisted transport [12, 13], the microwave and far-infrared
response [14, 15, 16], the plasmon spectrum [17, 18, 19], as well as the nonlinear response
to the electromagnetic radiation [20, 21, 22, 23]. The potential applications of graphene
in terahertz electronics were pointed out in Refs.[24].
The resonant interaction between graphene and an electromagnetic field may open
a dynamical gap in the quasiparticle spectrum of graphene [25], which leads to a strong
suppression of the quasiparticle transmission through a graphene p-n junction. However,
a directed current without applying any dc bias voltage can be generated in certain
conditions as a result of inelastic quasiparticle tunneling assisted by one- or two-photon
absorptions [26]. Another way to generate a direct current is to use shaped, timely tuned
electromagnetic pulses [23] which also may generate a valley current. Therefore, it seems
possible to control the transport properties of diverse graphene tunneling structures by
the variation of the strength and the frequency of the external radiation fields. On
the other hand, the potential of graphene for spin-dependent transport (spintronic)
applications is well documented by now [27, 28, 30, 29, 31, 32, 33, 34, 35]. Motivated by
these facts, in this work, we study theoretically the spin polarized transport through a
graphene-spin-valve device in the presence of a monochromatic laser field. The method is
based on the standard Keldysh nonequilibrium Green’s function approach, as described
in Refs.[37] and [38]. It is found that the bias dependence of the differential conductance
exhibits two implicit peaks corresponding the resonant tunneling through the photon-
induced subbands. The resonant interaction of the quasiparticle in graphene with the
radiation field turns on a dynamical gap in the quasiparticle spectrum. When the bias
voltage lies inside this gap region, the differential conductance displays a zero value
plateau situated symmetrically on the zero bias. The width of this plateau can be
tuned by changing radiation intensity and frequency, which also causes a shift of the
resonant peaks in the differential conductance. The tunnel magnetoresistance (TMR)
versus the bias voltage exhibits a plateau around the zero bias voltage, and its width
can be controlled by the radiation field strength and/or the frequency.
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2. Theoretical model
We consider a spin valve device consisting of an extended graphene sheet (that defines
the x − y plane) contacted by two ferromagnetic electrodes. A gate voltage Vg applied
to graphene shifts the Dirac point away from the zero energy. The two electrodes are
voltage-biased with respect to each other with a bias V . The electrical current flows in
the x direction. Additionally, we assume that a laser field is irradiating homogenously
the structure. Within the metallic electrodes we assume that the field is shielded and
ignore thus its effect on the electrodes. The laser field is monochromatic and is linearly
polarized along the y direction. The low energy graphene Hamiltonian around the Dirac
points has the minimal coupling form
HG = vFσ · k− evFA(t)σy, (1)
where k is the operator of the electron momentum in the graphene plane, e is the electron
charge, σ is the vector build out of the Pauli matrices in the sublattice space, and A




being the nearest neighbor hopping energy, and a being the carbon-carbon distance.





where ω0 is the frequency of the radiation field, and E0 is its amplitude. Diagonalizing
the Hamiltonian (1) in the absence of the radiation field, one finds the eigenvalues
ǫsk = svF |k|+ Vg (3)


















We introduce the field operators




where askτ is the usual annihilation operator for an electron in the band s, with the

















(se−iφ(k) − s′eiφ(k)). (8)
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Applying the rotating wave approximation [40], we neglect the energy nonconserving
terms. Accounting for the coupling between the graphene and the two ferromagnetic
electrodes we write for the Hamiltonian of the complete tunnel junction in the presence
of the laser







































Equations (11) and (12) describe respectively the λ electrode and the coupling between
the graphene and the electrodes. εqλτ is the single electron energy, c
†
qλτ (cqλτ ) is the
usual creation (annihilation) operator for an electron with the momentum q and the
spin τ in the λ electrode; N is the number of sites on the sublattice.







(a†+kτa+kτ − a†−kτa−kτ )
]
, (13)
we redefine the Hamiltonian of the system in the rotating reference as











































ǫ˜sk = ǫsk − sω0/2.
In the calculation of equation (14), we have assumed (as in Refs. [25, 26, 36]) that
the most important contributions stem from an almost one dimensional electron motion
(kx ≫ ky) in the interaction with the radiation field.
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The electric current of the system can be calculated from the time evolution of the
occupation number operator of the left electrode,
IL = e〈N˙L〉 = ie
~




Using the nonequilibrium Green’s function method, equation (15) can be further
expressed as






















ks,k′s′(t, t1), and G<s,s′(t, t1) = 1N
∑
kk′
G<ks,k′s′(t, t1) are 2 × 2 matrices denoting the
retarded (advanced) Green’s function and the lesser Green’s function, respectively. In
the calculation of equation (16), we assume that the dominant contributions to the
tunneling stem from the electrons near the Fermi level, and hence the linewidth function







with Γτλ = 2π
∑
q
T ∗kλqTk′λqδ(ε − εqλτ ). In order to solve equation (16), we need to
calculate the Green’s functions Gττ ′,rss′ (t, t′) and Gττ
′,<
ss′ (t, t
′). Using the equation of motion
method, we get


















with Στ,r0 = − i2(ΓτL + ΓτR), and gττ
′,r(t) is the retarded Green’s function of graphene
without the coupling of the electrodes, and can be obtained by a straightforward
calculation. The detailed expressions are given in the Appendix. Gττ ′,<(t, t′) is related
to Gττ ′,r(t, t′) through the Keldysh equation















Notice that the Green’s functions in equations (18) and (20) do not depend only on the
difference of the two time variables, thus one should take a generalized Fourier expansion
as [41]






′G(ε, ε+ nω0/2). (22)
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Hereafter we shall use the simple notation
Gnm(ε) = G(ε+ nω0/2, ε+mω0/2).
Evidently, the different Fourier components satisfy the relation
Gnm(ε) = Gn−m,0(ε+mω0/2).
From equation (18), the Fourier components of the Green’s function can be expressed
as
Gττ,rm,n = gττ,rmn
+ǫ˜mGττ,rm,n + Vm,m−2Gττ,rm−2,n + Vm,m+2Gττ,rm+2,n,
(23)

























with gττ,rmn,ss′(ε) = δmng
ττ,r
ss′ (ε +mω0/2). Note that equation (23) is formally equivalent
to the ones describing the motion of electrons in a tight-binding linear chain with site
energies and the nearest-neighbor coupling. Its solution can be derived by using the
conventional recursive technique [41].
Let ΓτL = γΓ
τ




= IR(t) + IL(t),
we finally obtain the time-averaged current









[Gττ,r−s,−s′;ss′(ε)− Gττ,a−s,−s′;ss′(ε)]ΓτR[fL(ε)− fR(ε)], (24)
where Gττ,rmn;ss′(ε) is the matrix elements of Gττ,rmn (ε). In equation (24), we further assume
a symmetrical voltage division: µL;R = EF ± 1/2eV , and put EF = 0 in the numerical
calculations. The expression (24) is the central result of this paper, and allows one
to describe the spin-polarized transport within the rotating wave approximation. WE
note the difference to our previous study [13] in which we studied the influence of
a time-dependent chemical potential (realized as an oscillating bias voltage). In the
present study the radiation field, coupled to the carrier as a vector potential, induces
a dynamical gap in the quasiparticle spectrum. This, in turn, leads to changes in the






where I(0(π)) is the time-averaged current flowing through the system in the parallel
(antiparallel) configuration.
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3. Numerical analysis
Based on the above analytical expressions, we present the numerical calculations for
the spin polarized transport through the system. Firstly, we assume the linewidth
function Γτλ(ε) to be independent of the energy within the wide band approximation,
and the two electrodes are made of the same material. Introducing the degree of the
spin polarizations of the left and the right electrodes pL = pR = p, we can write
Γ↑↓L = Γ
↑↓
R = Γ0(1 ± p) where Γ0 describes the coupling between the graphene and the
electrodes in the absence of an internal magnetization. We set the temperature to zero
and tg ≈ 2.8 eV in our calculation. In addition, we choose the frequency ~ω0 ≤ 0.06tg,
and the voltage eV < 1.4tg so that the Dirac-type behaviour is maintained in this energy
regime [39].
Fig.1(a) shows the the differential conductance G = d〈I〉/dV as a function of the
bias voltage for different radiation strengths in the parallel configuration of the two
electrodes. In the absence of the radiation field, the differential conductance exhibits
a linear dependence on the bias voltage (see Fig.1(a)). The graphene spin valve device
is sensitive to the electromagnetic radiation. When the radiation field is applied, some
characteristic features are presented explicitly in the transport. Firstly, close to the
zero bias voltage, a salient zero value region appears symmetrically in the differential
conductance, and the width of the region becomes larger with increasing the radiation
strength. This is because the resonant interaction between the graphene and the
external radiation field opens a dynamical gap in the spectrum of the quasiparticle
in the graphene. When the bias voltage lies inside this gap, the graphene can be
viewed as an insulator, thus the electron transport through the graphene is suppressed.
Secondly, the differential conductance as a function of the bias voltage exhibits two
peaks corresponding to the resonant tunneling via the photon-induced sidebands. This
behavior is different to the case of the presence of an oscillating gate voltage in graphene
sheet (a successive peaks are observed )[13]. The reason for this difference is that the
sidebands in the latter case are produced due to the modulation of each quasiparticle
level by the gate voltage; while in former case they are caused by the electron scattering
between the sidebands. When the electrons are injected from the electrode to the
graphene, the radiation field results in multiple electron scattering events and two
resonant points within our approximation [26]; for higher intensities that may result
in further structures one has to go beyond the rotating wave approximation. When
the bias windows cross the resonant points, the resonant tunnelings happen leading
to the appearance of two peaks. In addition, for the case of the gate voltage, when
changing the amplitude of the gate voltage, the positions of the peaks are fixed. In
the present case, with increasing the radiation strength, the positions of the peaks shift
in the direction away from the origin. This is due to the increase of the dynamical
gap lifting the photon-assisted subbands. Fig.1(b) shows the bias dependence of the
differential conductance for the different frequency ω0 in the parallel configuration of the
electrodes. With increasing the frequency, the dynamical gap diminishes leading to the















































Figure 1. (color online)The bias dependence of the differential conductance G for
different radiation strengthE0 at ~ω0 = 0.04tg (a), and for different radiation frequency
ω0 at E0 = 700kV/cm (b). The other parameters are taken as P = 0.4, Γ0 = 0.05tg,
Vg = 0 and D = 3tg. The inset in (a) shows the differential conductance in the absence
of the radiation field.
decrease of the width of zero value plateau and the shift of the peaks towards the origin.
Especially, one can find that the amplitude of the peaks change non-monotonously
with the radiation intensity and the frequency. The reason is that the decrease of
the frequency or the increase of the radiation intensity enhances the gap, which lifts
the photon-induced subbands, and causes the increase of the density of state for the
subbands,thus enhancing the electrons tunneling through the graphene.
Fig.2(a) shows the differential conductance as a function of the bias voltage for the
different coupling strength Γ0 between the graphene and the electrodes in the parallel
configuration of the electrodes. With increasing the coupling strength, the electrons
tunnel more easily from the electrode to the graphene, thus leading to the rise of
the differential conductance with Γ0. While the zero value plateau in the differential
conductance remains the same because the coupling between the electrode and the
graphene has no influence on the dynamical gap in the quasiparticle spectrum of the
graphene. Figure 2(b) illustrates the bias dependence of the differential conductance
for different gate voltages. It shows that the oscillation peaks and the zero value region
shift towards the positive direction of the bias voltage.

















































Figure 2. (color online)The differential conductance G versus the bias voltage (a) for
coupling strength Γ0 at Vg = 0, and (b) for different gate voltages Vg at Γ0 = 0.05tg.
The other parameters are taken the same as those of Fig.1.
The differential conductance as a function of the radiation intensity for the different
radiation frequency in the parallel configuration of the electrodes is shown in Fig.
3(a). Two resonant peaks via the photon-induced sidebands can be distinctly observed.
The dynamical gap in the quasiparticle spectrum of the graphene becomes larger with
increasing the radiation strength, up-shifting the subbands induced by the radiation
field. When the subbands fall into the bias windows, resonant tunneling occurs,
manifested as the conductance peaks. For radiation with higher frequencies, the resonant
peaks appear at larger E0 in accordance with a larger dynamical gap. When E0 is large
enough, the differential conductance tends to a constant value. Additionally, it is found
that the interval between the resonant peaks far away from the origin is larger than that
close to the origin. This behavior can be understood from Fig.1(b). The resonant points
at high energies are close to each other. Thus, a small difference of the dynamical gap can
make them cross successively the bias windows, while for the resonant points at the low
energy, a larger one is required to shift them for the occurrence of the resonant tunneling.
Fig.3(b) shows the dependence of the differential conductance on the radiation frequency
ω0 for different radiation intensities in the parallel electrodes configuration. It is clearly
seen that when ω0 approaches to zero, the differential conductance tends to vanish owing
















































Figure 3. (color online)The differential conductance G as a function of the radiation
field strength for different frequencies in (a), and as a function of the frequency for
different radiation strengths in (b). In both cases we consider the parallel configuration
of the electrodes’ magnetizations at eV = 0.15tg. The other parameters are taken the
same as those of Fig.1.
to the large dynamical gap. With increasing the frequency, the dynamical gap shrinks,
which causes the shift of the photon-induced subbands, therefore, one can observe that
two resonant peaks emerge successively because of the bias windows crossing of the
subbands which is induced by the external radiation field. Additionally, the increase of
the radiation intensity enlarges the dynamical gap, thus shifting the resonant peaks in
the differential conductance in the direction away from the origin. The amount of the
peaks shift at high frequencies is the same as at low frequencies. This is because when
changing the radiation strength, the interval of the resonant points at high energies is
equivalent to that at the low energies (see Fig.1(a)). Thus the same variation of the
radiation intensity is needed to achieve the crossing of the bias windows due to the linear
dependence of the dynamical gap on the radiation field.
The bias dependence of the TMR for the different radiation strengths and
frequencies is shown in Fig. 4. The TMR as a function of the bias voltage exhibits
a sharp peak which is caused by photon-assisted effects, and a plateau around the zero






































Figure 4. (color online) The TMR versus the bias voltage for different radiation field
strength E0 at ~ω0 = 0.04tg(a), and for different radiation frequencies ω0 at E0 = 1200















Figure 5. (color online) The TMR versus the bias voltage for a different polarization
p at ~ω0 = 0.04tg and E0 = 1200 kV/cm. The other parameters are taken the same
as those of Fig.1.
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bias voltage. We assign this behavior to the combined effects of the radiation field,
the graphene, and the spin valve properties. In order to further clarify this point, we
plot the bias dependence of the TMR for different polarizations in Fig. 5. One can
observe that the TMR changes in a nonlinear manner, i.e. the TMR values near zero
bias voltage become larger than those in the high bias regions. This is because graphene
remains insulator-like in the gap regions, the ballistic spin tunneling enhances the TMR.
Remarkablely, the width of the plateau near the zero bias voltage can be tuned by the
radiation intensity and frequency(see Fig. 4). With increasing the radiation intensity
(or frequency), the width of the plateau increases (or decreases), which is also related
to the dynamical gap induced by the radiation field.
4. Summary
In conclusion, we studied theoretically the spin polarized transport through a graphene
spin valve device assisted by a linearly polarized, monochromatic laser field and in the
presence of a dc bias and a gate voltage. The method is based on the standard Keldysh
nonequilibrium Green’s function approach. We find that the bias dependence of the
differential conductance exhibits two resonant peaks due to the resonant tunneling
through the photon-assisted subbands. The resonant interaction of the quasiparticle
in graphene with the radiation field turns on a dynamical gap in the quasiparticle
spectrum. When the bias voltage lies inside this gap region, the differential conductance
displays a zero value plateau situated symmetrically to the zero bias. The value of the
dynamical gap depends on the strength and frequency of the external radiation field,
thus the width of this zero value plateau in the differential conductance can be tuned
by changing the radiation intensity and frequency, which also causes a shift of the
resonant peaks in the differential conductance. We explored the behavior of the peaks
in the differential conductance with varying radiation field strength and frequency and
revealed the dependence on the spin polarization of the ferromagnetic electrodes. We
also demonstrated that the combined effects of the radiation field, the graphene, and the
spin valve properties bring about a symmetric plateau at zero bias voltage in the TMR.
The width of this plateau can be varied by changing the parameters of the radiation
field.
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Appendix A.
In this appendix, we present the analytical results of the Green’s function gττ
′,r
ss′ (t) for
the graphene without the coupling to the electrodes in the absence of the gate voltage.
























To solve gττ,rss′ (ε), we need to convert the summation over k into a integral in two
dimensional momentum space. After a straightforward calculation, we have for |ε| < ∆,


























































For |ε| > ∆,
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where ρ is the graphene planar density, D is a high-energy cutoff of the graphene
bandwidth. When the gate voltage is taken into account, the Green’s functions for
the irradiated graphene are obtained by changing ε to ε− Vg in equations (A.3)-(A.8).
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Supplementary materials
Appendix B. Rotating wave approximation
Here we give full details of the rotating wave approximation to the Hamiltonian HG as
defined in the main text, i.e.

































where A(t) = A0e
iω0t + A∗0e
−iω0 . In the interaction picture, we have







Cn, Cn = [A,Cn−1], C0 = B,
we have
[itH0, HI ] =
− ∑
kτk′τ ′
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(ǫ+k − ǫ−k)d+−,ka†+kτa−kτ − (ǫ+k − ǫ−k)d−+,ka†−kτa+kτ
}
,
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thus
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Appendix C. Electric current formula
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]
(C.4)
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one finds
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where Tkλsq(t) = Tkλqe
−isω0t
2 . The final Hamiltonian is expressed in the rotating
reference as





































Assuming that px >> py, then φ ≈ 0, cosφ = 1 and the Hamiltonian is further
simplified to































where ǫ˜sk = ǫsk − sω02 and ∆ = evFE02ω0 . The current can be calculated from the time
variation of the occupation number operator of the left electrode.











[〈[H˜T , c†qLτ ]cqLτ 〉+〈c†qLτ [H˜T , cqLτ ]〉], (C.12)
























































′) = i〈c†qLτ (t′)askτ ′(t)〉, one needs to find the time-ordered
Green’s function, defined as Gττ
′,t
ks,qL(t, t
′) = −i〈T{askτ (t)c†qLτ ′(t′)}〉. Using the equation-







=−i〈T{askτ (t′)[H˜, c†qLτ ′(t′)]}〉





































qL (t1 − t′) (C.18)



















qL (t1 − t′)] (C.19)
Substitute Eq.(C.19) in Eq.(C.16),












qL (t1 − t)
+Gττ,<ks,k′s′(t, t1)g
ττ,a








































×[Gττ,rks,k′s′(t, t1)gττ,<qL (ε) +Gττ,<ks,k′s′(t, t1)gττ,aqL (ε)]
(C.20)




qλ (ε) = i2πfλ(εqλτ )δ(ε−εqλτ ) with fλ(εqλτ ) denoting




T ∗kLqTk′Lqδ(ε− εqLτ ), then Eq.(C.20) can be further expressed as















×{2Gττ,rks,k′s′(t, t1)fL(ε)iΓτL,k′k +Gττ,<ks,k′s′(t, t1)iΓτL,k′k}.
(C.21)
Appendix D. Derivation of Green’s functions
Appendix D.1. The Green’s function for the central region coupled to the electrodes
We note the following commutation relations













with ǫ˜sk = ǫsk− sω0/2 = svF |k| − sω0/2. The retarded Green’s function Gττ ′,rks,k′s′(t, t′) =






′) = δ(t− t′)δkk′δss′δττ ′ − iθ(t− t′)〈{[askτ(t), H˜ ], a†s′k′τ ′(t′)}〉














































































































































′) = δkk′δττ ′g
ττ,r





































is the Green’s function for graphene without the coupling between the electrodes and
















































ττ,r(t− t1)Στ,r(t1, t2)Gττ ′,r(t2, t′). (D.10)
Appendix D.2. The Green’s functions for the central region without coupling to the
electrodes
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From the above calculations, one readily finds that when the gate voltage is taken into
account, the Green’s functions for the irradiated graphene are obtained only by changing

























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































−θ(∆ < |ε| <√(D − ω0
2





Similar to the calculations of the Green’s functions gττ,r++ and g
ττ,r
−− , we consider at first





































































































































































































































































































Appendix D.3. Fourier-transformed Green’s functions
Since H(t + T ) = H(t) applies, the retarded Green’s function obeys G˜(t, t′) =
G˜(t + T, t′ + T ) (S. Kohler, et al.,Physics Reports 406, 379(2005)). As we can write
G˜(t, t′) = G˜(t+ T, t′+ T ) = G˜(t+ T, t+ T − (t− t′)) we define τ = t and τ ′ = t− t′ and
express the Green’s functions as G˜(t+ T, t+ T − (t− t′)) ≡ G(τ + T, τ ′), which satisfies
G(τ + T, τ ′) = G(τ, τ ′). Thus, one can introduce the Fourier transformation












which is the same as the generalized Fourier form






























For τ = t and τ ′ = t− t′ same expression as Eq.(D.29) follows.
Denoting Gmn(ε) = G(ε+mω0/2, ε+nω0/2) allows to write for the different Fourier
components Gmn(ε) = Gm−n,0(ε + nω0/2), for Gmn(ε) = G(ε + mω0/2, ε + nω0/2) =
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G[ε + nω0/2 + (m − n)ω0/2, ε + nω0/2] = Gm−n,0(ε + nω0/2) applies. For the inverse


























































i(m−n)ω0T/2 − 1] = 0, for m 6= n
= δmng(ε+ nω0/2).
(D.32)
























































































− ε3 − m3ω02 )












































×gττ,rm1n1[ε2 + (m2 − n1)ω02 ]Στ,rm2n2(ε2)Gττ
′,r
m3n3
[ε2 + (n2 −m3)ω02 ].
(D.34)















×gττ,rm1n1(ε2 +m2 ω02 )Στ,rm2n2(ε2 + n1 ω02 )Gττ
′,r
m3n3 [ε2 + (n1 + n2 −m3)ω02 ].
(D.35)
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×gττ,rm1n1 [ε2 + (k1 −m1)ω02 ]Στ,rk1−m1,n2(ε2 + n1 ω02 )
Gττ
′,r
































Substituting Eq.(D.36) in Eq.(D.10) we find the expression




















































































































































Eq.(D.39) is simply written as
Gm,n = gmn + ǫ˜mGm,n + Vm,m−2Gm−2,n + Vm,m+2Gm+2,n (D.40)
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with g being diagonal. Furthermore, we deduce that
GN,n = ǫ˜NGN,n + VN,N−2GN−2,n, N > n (D.41)
which means that
GN,n = BNGN−2,n, BN = (I − ǫ˜N)−1VN,N−2. N > n (D.42)
Furthermore, it is straightforward to see that
GN−2,n = BN−2GrN−4,n, BN−2 = [I−ǫ˜N−2−VN−2,NBN ]−1VN−2,N−4, N−1 > n(D.43)
Gm,n = BmGm−2,n, Bm = (I − ǫ˜m − Vm,m+2Bm+2)−1Vm,m−2. m > n (D.44)
Likewise we deduce that
G−N,n = F−NG−N+2,n, F−N = (I − ǫ˜−N )−1V−N,−N+2, (D.45)
G−N+2,n = F−N+2G−N+4,n, F−N+2
= (I − ǫ˜−N+2 − V−N+2,−NF−N)−1V−N+2,−N+4, (D.46)
and
Gm,n = FmGm+2,n, Fm = (I − ǫ˜m − Vm,m−2Fm−2)−1Vm,m+2. m < n (D.47)
Using Gm,n(ε) = Gm−n,0(ε + nω0/2) from Gm,0(ε) all the elements of the matrix Gmn(ε)
follow. Denoting Gm0(ε) ≡ Gm, i.e. G0 = g00 + ǫ˜0G0 + V0,−2G−2 + V0,2G2 and combining
Eqs.(D.44) and (D.47) we find
G0 = g00 + ǫ˜0G0 + V0,−2G−2 + V0,2G2 (D.48)
= g00 + ǫ˜0G0 + V0,−2F−2G0 + V0,2B2G0 (D.49)
= [I − ǫ˜0 − V0,−2F−2 − V0,2B2]−1g00. (D.50)














G0, m ≥ 1, (D.52)
Gm,n(ε) = Gm−n,0(ε+ nω0/2), (D.53)
where
Bm = (I − ǫ˜m − Vm,m+2Bm+2)−1Vm,m−2,
Fm = (I − ǫ˜m − Vm,m−2Fm−2)−1Vm,m+2. (D.54)
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Appendix E. The current expressed in terms of Fourier-transformed
Green’s functions
Let ΓτL = γΓ
τ
R, and N(t) be the occupation of the central region. Using the continuity











































































































×{2Gττ,rs,s′ (ε′ − nω0/2, ε′ + nω0/2)iΓτR [fL(ε)− fR(ε)]} .
(E.1)
Defining ε′′ = ε′ + (s
′+n)ω0
2




























′′ − ε− ω′)]︸ ︷︷ ︸
2πδ(ε′′−ε−ω′)
= −i exp[i(ε′′−ε)t]





















Gττ,rss′ (ω − nω0/2, ω + nω0/2)
ω − ε+ (n+ s′)ω0/2− iη︸ ︷︷ ︸
Integral(II)
. (E.3)

















× {Gττ,rss′ [ε− (2n+ s′)ω0/2, ε− s′ω0/2]ΓτR[fL(ε)− fR(ε)]} .
(E.4)
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The time-averaged current is thus given by





































































With this we conclude that













For numerical implementation we use the expression (we employ ΓL = ΓR, i.e.
γ = 1)






[Gττ,r−1,−1;++(ε)− Gττ,a−1,−1;++(ε)] + [Gττ,r−1,1;+−(ε)− Gττ,a−1,1;+−(ε)]








dε{[Gττ,r00;++(ε− ω02 )− Gττ,a00;++(ε− ω02 )] + [Gττ,r−20;+−(ε+ ω02 )− Gττ,a−20;+−(ε+ ω02 )]
+[Gττ,r20;−+(ε− ω02 )− Gττ,a20;−+(ε− ω02 )] + [Gττ,r00;−−(ε+ ω02 )− Gττ,a00;−−(ε+ ω02 )]}
×ΓτR[fL(ε)− fR(ε)].
(E.7)
